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Abstract
The paper presents a derivation of analytical components of S-matrices for arbitrary
planar diffractive structures and metasurfaces in the Fourier domain. Attained general
formulas for S-matrix components can be applied within both formulations in the Cartesian
and curvilinear metric. A numerical method based on these results can benefit from all
previous improvements of the Fourier domain methods. In addition, we provide expressions
for S-matrix calculation in case of periodically corrugated layers of 2D materials, which are
valid for arbitrary corrugation depth-to-period ratios. As an example the derived equations
are used to simulate resonant grating excitation of graphene plasmons and an impact of
silica interlayer on corresponding reflection curves.
1 Introduction
Periodic optical structures ranging from conventional one-dimensional diffraction gratings to
metasurfaces attract a lot of attention due to wide optimization possibilities in design of optical
response functions. The wavelength scale nature of patterns of the most complex diffractive
structures and metasurfaces requires an effort to rigorously solve Maxwell’s equations. Concern-
ing various methods capable to suit this task the Fourier space methods [1] are among the most
popular and important ones. They are widely used owing to their relatively simple formulation,
versatility in structures that can be modelled, and an output in form of S-matrices. The latter
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property features means that these methods can be directly used in simulation of measurable
quantitites. Not only are S-matrices physically important entities, but also they bring stability
in numerical calculations [2, 3, 4, 5].
Fourier methods, however, conventionally operate with T-matrices, and to ensure stability of
calculations an additional effort is needed, e.g., proposed in [6, 3]. In this paper we develop a
way to overcome these complications and demonstrate how S-matrix components of a slice of an
arbitrary diffractive structure can be derived analytically in the Fourier space. Our derivation
is based on the integral equation solution of the Maxwell’s equations, albeit the distribution
formalism given in [7] can be used to get the same result.
In addition to derivation of S-matrices of bulk material gratings it is shown that expressions for
corrugated layers of 2D materials can be attained in a similar way, which provides the possibility
to efficiently simulate complex metasurfaces. This widens the applicability of the previous models
of [8, 9] where an electrodynamic response of a graphene sheet placed on top of a corrugated
substrate was simulated by means of the Rayleigh-type methods. Our direct S-matrix approach
does not rely on the Rayleigh hypothesis and hence is free of convergence issues which the
Rayleigh-type methods face [10, 11].
2 Volume Integral Equation
Consider a planar structure, which can be either a metasurface or a diffractive optical element,
in Cartesian coordinates Xα, α = 1, 2, 3 with unit vectors eˆα, such that axis X3 is orthogonal
to the structure plane. The structure is supposed to be doubly periodic along two non-collinear
directions in plane X1X2. Denote unit vectors in the directions of the periods as pˆ1,2, and let
periods be Λ1,2. Reciprocal lattice vectors then read
K1 =
2pi
Λ1
pˆ2 × eˆz
pˆ1 · (pˆ2 × eˆz) , K2 =
2pi
Λ2
eˆz × pˆ1
pˆ1 · (pˆ2 × eˆz) . (1)
The paper refers to linear phenomena only. Thus, we consider Maxwell’s equations for time-
harmonic fields and sources with implicit time dependence exponential factor exp(−iωt), which
will be omitted further:
∇× E = −M + iωµH,
∇×H = J− iωεE. (2)
The magnetic source term M is essential for a curvilinear coordinate formulation as will be
discussed below. Eqs. (2) yield Helmholtz equations providing that the dielectric permittivity
and the magnetic permeability are constants. We will refer to these quantities as basis ones and
denote them as εb, µb. Helmholtz equations then read
∇×∇× E− k2bE = iωµbJ−∇×M,
∇×∇×H− k2bH = iωεbM +∇× J,
(3)
2
where kb = ω
√
εbµb is the wavenumber of the homogeneous basis space. Well-known solutions
of Eqs. (3) in form of volume integral equations rely on the free-space tensor electric and mixed
Green’s functions [12], Ge and Gm respectively:
E(r) = Eext(r) + iωµb
∫
d3r′Ge(r − r′)J(r′)− kb
∫
d3r′Gm(r − r′)M(r′),
H(r) = Hext(r) + iωεb
∫
d3r′Ge(r − r′)M(r′) + kb
∫
d3r′Gm(r − r′)J(r′).
(4)
In these equations we single out ”external” field amplitudes Eext, Hext, which are supposed to
be known and to be produced by some sources being outside of a region under consideration. In
turn, sources present in the right-hand parts of Eqs. (4) will be further on associated with local
medium inhomogeneities.
Aimed at dealing with planar structures we utilize a decomposition of the Green’s function
in the plane wave basis. Given a plane wave wavevector k± = (k1, k2, ±k3)T with sign ±
distinguishing waves propagating upwards and downwards relative to axis X3, whose components
meet the dispersion equation k21 + k
2
2 + k
2
3 = k
2
b supplemented with the condition <k3 +=k3 > 0
[13], the unit vectors of the TE and the TM polarized waves can be taken as
eˆe± =
k± × eˆ3
|k± × eˆ3| , eˆ
h± =
(k± × eˆ3)× k±
|(k± × eˆ3)× k±| , (5)
respectively. With this definition the Green’s functions explicitly write
Geαβ(ρ− ρ′, x3 − x′3) =
i
4pi2
∫
d2κ
{
i
k2b
δ(x3 − x′3)δα3δβ3
+
[
eˆeσα eˆ
eσ
β + eˆ
hσ
α eˆ
hσ
β
] exp(ik3|x3 − x′3|)
2k3
}
exp [iκ(ρ− ρ′)]
(6)
Gmαβ(ρ− ρ′, x3 − x′3) = −
1
4pi2
∫
d2κξαγβk
σ
γ
exp(ik3|x3 − x′3|)
2k3
exp [iκ(ρ− ρ′)] (7)
Here ρ = (x1, x2)
T , κ = (k1, k2)
T , δαβ and ξαβγ are Kronecker and Levi-Civita symbols
respectively, and σ = sign(x3 − x′3). Expressions similar to the first equation for the electric
Green’s functions can be found, e.g., in [14, 15, 16], and derivation of the second is analogous.
For consistency the derivation is briefly reviewed in Appendix.
In order to proceed to analysis of periodic structures, first, let us fix the ”zero harmonic”
wavevector k(0) =
(
κ(0),
√
k2b − (κ(0))2
)T
so that fields and sources are subject to Floquet-Bloch
condition
V(ρ+m1Λ1pˆ1 +m2Λ2pˆ2, z) = V(ρ, z) exp
[
iκ(0)(m1Λ1pˆ1 +m2Λ2pˆ2)
]
(8)
3
Vector V can be substituted by any of E, H, J, M. Under this condition one can apply the
Poisson summation formula in Eqs. (4) with explicit functions Eqs. (6), (7) to arrive at equations
which depend on the Fourier components of the sources, which read
Sm(x3) =
|K1 ×K2|
4pi2
∫∫
P
d2ρ′S(ρ′, x3) exp(−iκmρ′) (9)
where S stands either for J or M, the integration is performed over one structure period, and the
plane harmonic wavevector κm = κ
(0) + m1K1 + m2K2 depends on the two-dimensional index
m = (m1, m2) ∈ Z2. The solution in the periodic domain then explicitly writes
E(ρ, x3) = E
ext(ρ, x3) +
J3(ρ, x3)
iωεb
eˆ3
− ωµb
∑
m
exp(iκmρ)
∞∫
−∞
dx′3
[
eˆeσm (eˆ
eσ
m · Jm(x′3)) + eˆhσm (eˆhσm · Jm(x′3))
] exp(ik3m|x3 − x′3|)
2k3m
+ kb
∑
m
exp(iκmρ)
∞∫
−∞
dx′3
[
eˆeσm (eˆ
hσ
m ·Mm(x′3))− eˆhσm (eˆeσm ·Mm(x′3))
] exp(ik3m|x3 − x′3|)
2k3m
,
(10)
and a similar expression holds for the magnetic field. Here k3m are propagation constants of plane
harmonics defined by the dispersion equation κ2m+k
2
3m = k
2
b and the condition <k3m+=k3m > 0;
and eˆe,h±m are unit polarization vectors obtained by using wavevectors k
±
m = (κm,±k3m)T in
Eqs. (5). Eq. (10) shows that the electric field is a superposition of plane harmonics and a source
”delta”-term.
Let us introduce the modified field E˜1,2 = E1,2, E˜3 = E3 − J3/iωεb, so that the plane wave
decomposition of this field
E˜(ρ, x3) =
∑
m
[
a˜e+m (x3)eˆ
e+
m + a˜
e−
m (x3)eˆ
e−
m + a˜
h+
m (x3)eˆ
h+
m + a˜
h−
m (x3)eˆ
h−
m
]
exp(iκmρ) (11)
is valid at any space point. Modified amplitude E˜ext of the external field is identical to non-
modified Eext since the sources of this field are supposed to be outside the region of interest,
and we intend to evaluate Eq. (10) outside these sources. We assume then that a decomposition
similar to Eq. (11) for the external field amplitudes is known yielding amplitudes a˜ext,e±m and
a˜ext,h±m . Combining Eqs. (10) and (11) we see that the unknown amplitudes are found from
4
integration over the third coordinate
a˜e+m (x3) = a˜
ext,e+
m (x3)−
x3∫
−∞
dζ
exp[ik3m(x3 − ζ)]
2k3m
[
ωµbeˆ
e+
m · Jm(ζ)− kbeˆh+m ·Mm(ζ)
]
,
a˜h+m (x3) = a˜
ext,h+
m (x3)−
x3∫
−∞
dζ
exp[ik3m(x3 − ζ)]
2k3m
[
ωµbeˆ
h+
m · Jm(ζ) + kbeˆe+m ·Mm(ζ)
]
,
a˜e−m (x3) = a˜
ext,e−
m (x3)−
∞∫
x3
dζ
exp[ik3m(ζ − x3)]
2k3m
[
ωµbeˆ
e−
m · Jm(ζ)− kbeˆh−m ·Mm(ζ)
]
,
a˜h−m (x3) = a˜
ext,h−
m (x3)−
∞∫
x3
dζ
exp[ik3m(ζ − x3)]
2k3m
[
ωµbeˆ
h−
m · Jm(ζ) + kbeˆe−m ·Mm(ζ)
]
.
(12)
These equations can be used to get a formulation of the Generalized Source Method either in
Cartesian [17] or in curvilinear [18] coordinates by introducing Generalized Sources related to
the fields and performing implicit numerical integration. Instead, in the next section Eqs. (12)
are used to obtain analytical S-matrix components of a thin grating layer.
3 S-matrix of a thin grating slice
On the way towards analytical S-matrix components we associate a region of interest, or source
region, for general solution given by Eqs. (12) with a plane layer x
(1)
3 ≤ x3 ≤ x(2)3 of thickness
∆x3 = x
(2)
3 − x(1)3 . If ∆x3 → 0 the integration in Eqs. (12) is reduced to a multiplication of inte-
grands by ∆x3. Let us denote coordinate of layer center as x
c
3 =
(
x
(1)
3 + x
(2)
3
)
/2. Once incoming
wave amplitudes at layer boundaries are known, Eqs. (12) yield the diffracted amplitudes in form
a˜e±m (x
c
3 ±∆x3/2) ≈ a˜ext,e±m (xc3 ±∆x3/2)
−∆x3 exp(ik3m∆x3/2)
2k3m
[
ωµbeˆ
e±
m · Jm(xc3)− kbeˆh±m ·Mm(xc3)
]
,
(13a)
a˜h±m (x
c
3 ±∆x3/2) ≈ a˜ext,h±m (xc3 ±∆x3/2)
−∆x3 exp(ik3m∆x3/2)
2k3m
[
ωµbeˆ
h±
m · Jm(xc3) + kbeˆe±m ·Mm(xc3)
]
,
(13b)
Integration in the first pair of Eqs. (12) is performed up to x3 = x
c
3 + ∆x3/2, and in the second
pair – from x3 = x
c
3 − ∆x3/2. Sources that produce fields with amplitudes a˜extm can be located
anywhere outside the layer.
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To get closed form equations J and M should be related to the fields. In the simplest case one
may take J = −iω(ε − εb)E, and M = 0, as is done within the Generalized Source Method for
gratings whose permittivity is represented by smooth spatial functions [17] or in other Volume
Integral Equation methods (e.g., [19]). When a formulation includes a correct treatment of the
boundary conditions to a corrugation interface in the Fourier domain [20] or the Generalized
Metric Sources, which appear in a curvilinear formulation of the problem [21], the dependence
of the sources from the field can be more complicated. Generally, such dependence writes as
J = −iωεbΩEE
M = −iωµbΩHH
(14)
with 3 × 3 matrices ΩE,H , whose explicit form is supposed to be known, but is not needed for
the derivation in this section.
In order to operate with plane harmonic amplitudes only we introduce matrices composed of
column vectors given by Eq. (5):
V = {eˆe+, eˆh+, eˆe−, eˆh−} ,
W = {eˆh+, −eˆe+, eˆh−, −eˆe−} . (15)
Additionally, let us denote amplitude vectors of upward and downward propagating harmonics
as a˜±m = (a˜
e±
m , a˜
h±
m )
T .
When substituting Eq. (14) into Eq. (13) one should evaluate the sources, and hence the
local field amplitudes, at the layer center xc3. The resulting equation on the unknown amplitude
vector can be written via some matrix operator Φmn(x
c
3) (to be explicitly given below) as(
a˜+m(x
(2)
3 )
a˜−m(x
(1)
3 )
)
=
(
a˜ext,+m (x
(2)
3 )
a˜ext,−m (x
(1)
3 )
)
+ ∆x3Φmn(x
c
3)
(
a˜+n (x
c
3)
a˜−n (x
c
3)
)
+O((∆x3)
2). (16)
One can find the unknown vector in the right-hand part by writing out an equation analogous
to Eq. (13) when both pairs of Eqs. (12) are evaluated at x3 = x
c
3:(
a˜+m(x
c
3)
a˜−m(x
c
3)
)
=
(
a˜ext,+m (x
c
3)
a˜ext,−m (x
c
3)
)
+ ∆x3Φˆmn(x
c
3)
(
a˜+n (x
c
3)
a˜−n (x
c
3)
)
+O((∆x3)
2), (17)
and the latter self-consistent linear algebraic equation is solved neglecting the O((∆x3)
2) terms.
Operator Φˆmn here differs from Φmn only by the exponential factor exp(ik3m∆x3/2). However,
direct substitution of Eq. (17) into Eq. (16) shows that the inversion would provide an excessive
accuracy, and it is suffices to take only the zero-order term of Eq. (17) into account. Thus,
the local field amplitudes in the right-hand part of Eq. (16) can be replaced by the external
ones. These amplitudes evaluated at the layer center are related with the known amplitudes at
the layer boundaries through propagation factors: a˜ext,+(xc3) = a˜
ext,+(x
(1)
3 ) exp(ik3n∆x3/2), and
6
a˜ext,−(xc3) = a˜
ext,−(x(2)3 ) exp(ik3n∆x3/2). Then, Eq. (13) transforms to the following approximate
relation:(
a˜+m(x
(2)
3 )
a˜−m(x
(1)
3 )
)
=
(
a˜ext,+m (x
(1)
3 )
a˜ext,−m (x
(2)
3 )
)
exp(ik3m∆x3) +
ikb∆x3
2
kb
k3m
exp(ik3m∆x3/2)
×
∑
n
exp(ik3n∆x3/2)
[
(VT )mΩEmnVn + (WT )mΩHmnWn
]( a˜ext,+n (x(1)3 )
a˜ext,−n (x
(2)
3 )
)
,
(18)
where ΩE,Hmn are components of the Fourier block-Toeplitz matrices obtained by the Fourier
transform of corresponding matrices ΩE,H evaluated at coordinate x
c
3. The amplitudes of the
first term in the right-hand side were translated using propagation factor exp(ik3n∆x3) so as to
get identical vectors of external amplitudes in both terms. The accuracy of the derived equation
is similar to other Fourier methods as they treat grating structures within each thin slice as
homogeneous along the vertical coordinate.
Eq. (18) directly provides relations between incoming and outgoing wave amplitudes for
diffraction on a thin grating slice. The above derivation supposes that external field amplitudes
can be generated by any sources located outside the layer x
(1)
3 ≤ x3 ≤ x(2)3 . Since only amplitudes
propagating toward the layer (incoming) are present in the right-hand part of Eq. (18) we can
associate them with local fields at boundaries of the layer and leave out the superscript ”ext”. By
simple reordering of these equations one can compose an S-matrix for the corresponding layer.
Given a planar structure bounded by planes x3 = x
low
3 and x3 = x
up
3 , we will refer to the S-matrix
of this structure as a 2 × 2 block matrix that relates plane wave amplitudes at the boundaries
as follows: (
a˜−m(x
low
3 )
a˜+m(x
up
3 )
)
=
∑
n
(
S11,mn S12,mn
S21,mn S22,mn
)(
a˜+m(x
low
3 )
a˜−m(x
up
3 )
)
(19)
To apply Eqs. (18), (19) to a deep structure, the grating layer should be divided into a number
of slices analogous to the Fourier Modal Method (FMM) and other Fourier methods. However,
the calculation of eigen modes is no longer needed since S-matrix components for each slice are
readily available. Once the S-matrix of each slice is attained via Eq. (18) a corresponding matrix
for the whole grating layer can be calculated by the S-matrix propagation algorithm known
to be numerically stable [3, 4]. The algorithm is based on the following multiplication rule.
Given two S-matrices S(1,2) of planar structures occupying adjacent plane layers x
(1)
3 ≤ x3 ≤ x(2)3
and x
(2)
3 ≤ x3 ≤ x(3)3 respectively, the components of the S-matrix that relates amplitudes at
7
interfaces x3 = x
(1)
3 and x3 = x
(3)
3 are
S11 = S
(1)
11 + S
(1)
12
(
I − S(2)11 S(1)22
)−1
S
(2)
11 S
(1)
21 ,
S12 = S
(1)
12
(
I − S(2)11 S(1)22
)−1
S
(2)
12 ,
S21 = S
(2)
21
(
I − S(1)22 S(2)11
)−1
S
(1)
21 ,
S22 = S
(2)
22 + S
(2)
21
(
I − S(1)22 S(2)11
)−1
S
(1)
22 S
(2)
12 .
(20)
Due to the presence of matrix inversions in Eq. (20) the complexity of the algorithm can be
estimated as O(N3FNS), where NF is a number of Fourier harmonics, and NS is a number of
slices.
4 Examples
Matrices ΩE,H generally depend on a particular implementation of the Fourier approach and
follow from numerous results attained by different authors on the Fourier Modal Method, Dif-
ferential Method, C-method, and the Generalized Source Method together with other volume
integral implementations (e.g., [20, 22, 23, 24, 25]). For the reader to get acquainted with possi-
ble implementations of the previous section we provide here two illustrative examples of widely
used gratings followed by a derivation of an S-matrix for sinusoidally corrugated layers of 2D
materials.
4.1 1D lamellar grating
A 1D lamellar grating is one of the simplest but nevertheless among the most practically impor-
tant examples of periodic corrugations. Consider a formulation in Cartesian coordinates. Then,
all components ΩH would be zero, and the matrix ΩE would be diagonal. Correct factorization
of the products of discontinuous functions [26, 27, 20, 22] yields
ΩEmn =
 [εb/ε]−1mn − δmn [ε/εb]mn − δmn
δmn − [ε/εb]−1mn
 . (21)
Here, periodicity along x1 is assumed, and [ε/εb]
−1
mn, [εb/ε]
−1
mn denote inverted truncated Fourier-
matrices of periodic permittivity functions. The permittivity function in the considered case
explicitly writes ε(x1) = ε1, (k − α/2)Λ ≤ x1 < (k + α/2)Λ, and ε(x1) = ε2, (k + α/2)Λ ≤ x1 <
(k + 1 − α/2)Λ with k ∈ Z, 0 < α < 1, and ε1,2 = const, and has the following elements of the
Fourier matrix:
[ε/εb]mn =
ε2
εb
δm,n + α
ε1 − ε2
εb
sinc[piα(m− n)]
8
In the collinear diffraction case when k
(0)
2 = 0 the S-matrix splits into two independent parts for
the TE and TM polarization separately. We get for the TE polarization
S
(e)
11mn = S
(e)
22mn =
ikb∆x3
2
kb
k3m
exp[i(k3m + k3n)∆x3/2] ([ε/εb]mn − δmn) ,
S
(e)
12mn = S
(e)
21mn = exp(ik3m∆x3) +
ikb∆x3
2
kb
k3m
exp[i(k3m + k3n)∆x3/2] ([ε/εb]mn − δmn) ,
(22)
and for the TM polarization
S
(h)
11mn = S
(h)
22mn =
ikb∆x3
2
kb
k3m
exp[i(k3m + k3n)∆x3/2]
×
{
−k3m
kb
(
[εb/ε]
−1
mn − δmn
) k3n
kb
+
k1m
kb
(
δmn − [ε/εb]−1mn
) k1n
kb
} (23a)
S
(h)
12mn = S
(h)
21mn = exp(ik3m∆x3) +
ikb∆x3
2
kb
k3m
exp[i(k3m + k3n)∆x3/2]
×
{
k3m
kb
(
[εb/ε]
−1
mn − δmn
) k3n
kb
+
k1m
kb
(
δmn − [ε/εb]−1mn
) k1n
kb
} (23b)
Independence of function ε(r) of coordinate x3 allows calculating the grating S-matrix with
a reduced complexity since in this case the expressions in Eqs. (22), (23) should be evaluated
only once for a single thin layer. Suppose one starts with S-matrix S(0) of a layer with thickness
∆x3. S-matrix S
(k) of a layer having thickness 2k∆x3 is a composition of matrices for half-depth
layers: S(k) = S(k−1) ∗ S(k−1). Thus, for x3-invariant corrugations the complexity of the method
reduces down to O(N3F logNS).
Figures 1 and 2 demonstrate the convergence of the developed S-matrix method and show the
comparison with solutions obtained by the FMM as it is described in [28] for lamellar dielectric
and metallic gratings respectively. The maximum absolute difference in corresponding S-matrix
components is plotted along vertical axis. Grating parameters used in the calculations are indi-
cated in the figure captions. Difference of the obtained solutions from the FMM results is seen
to be much below the accuracy of both methods, and depends on initial layer depth ∆x3 (see
the previous paragraph), which was taken to be 2−30h. The FMM is known to be particularly
efficient for gratings with vertical walls, so the calculation time of the direct S-matrix method
in the presented example was about 10 times larger than that of the FMM for each value of
NF , though this time difference can be reduced by increasing the value of ∆x3 as long as the
reduction of the accuracy can be tolerated.
4.2 1D sinusoidal grating in curvilinear coordinates
The necessity of the magnetic sources in the above derivations is due to the previously developed
curvilinear coordinate Generalized Source Method with effective Generalized Metric Sources
9
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Figure 1: The convergence of the method based on the direct S-matrix calculation, Eqs. (22), (23),
and the comparison with S-matrices calculated by the Fourier Modal Method. The maximum
absolute difference between corresponding S-matrix components is plotted against the inverse
number of Fourier harmonics. The grating parameters are: period-to-wavelength ratio Λ/λ = 1.5,
depth-to-wavelength ratio h/λ = 0.5, and α = 0.5. Substrate and cover refractive indices are 1.5
and 1 respectively. Grating permittivity ε1 = 6.25.
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Figure 2: Same as in Fig. 1, but for metallic grating of permittivity ε1 = −9.6 + 1.1i.
[21, 18]. The core idea is to fit a grating corrugation profile with a suitable cuvilinear coordinate
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transformation (x1, x2, x3) → (z1, z2, z3) similar to what is done in the C-method [29], while
the chosen curvilinear coordinates should continuously become Cartesian in a region near the
grating. Fig. 3 demonstrates an example of a periodic corrugation with coordinate planes of a new
system. This approach exploits the similarity between Maxwell’s operators in the Cartesian and
the curvilinear metric (see e.g. Chapter 8 of [1]), and a possibility to treat metric contributions
as source terms [21]. Under this rationale the Generalized Sources derived from local metric
variations read
Jα = −iωεb
(
ε
εb
√
ggαβ − δαβ
)
Eβ,
Mα = −iωµb
(
µ
µb
√
ggαβ − δαβ
)
Hβ,
(24)
where gαβ are local metric tensor components, g = 1/ det{gαβ}, and summation over the repeated
indices is implied. These sources can be directly substituted into Eqs. (4) with functions Eqs. (6),
(7) under direct replacement of Cartesian coordinates (x1, x2, x3) with curvilinear ones (z
1, z2, z3).
The approach yields matrices Ω that depend on local metric and medium properties [21]:
ΩE,Hmn =
 [ηE,H/(√gg33)]mn − δmn 0 [g13/g33]mn0 [ηE,H√g]mn − δmn 0
[g13/g33]mn 0 δmn −
[
1/(ηE,H
√
gg33)
]
mn
 .
(25)
with ηE = ε/εb, ηH = µ/µb. The latter two fractions are constant within each slice in curvilinear
coordinates, and can be taken out of the Fourier matrices. S-matrices for the two polarizations
then explicitly read:
S
(e,h)
11mn =
ikb∆z
3
2
kb
k3m
exp[i(k3m + k3n)∆z
3/2]
{
ηE,H [
√
g]mn − δmn
− k3m
kb
(
ηH,E
[
1√
gg33
]
mn
− δmn
)
k3n
kb
+
k1m
kb
(
δmn − 1
ηH,E
[
1√
gg33
]
mn
)
k1n
kb
+
k3m
kb
[
g13
g33
]
mn
k1n
kb
− k1m
kb
[
g31
g33
]
mn
k3n
kb
} (26a)
S
(e,h)
12mn = exp(ik3m∆z
3) +
ikb∆z
3
2
kb
k3m
exp[i(k3m + k3n)∆z
3/2]
{
ηE,H [
√
g]mn − δmn
+
k3m
kb
(
ηH,E
[
1√
gg33
]
mn
− δmn
)
k3n
kb
+
k1m
kb
(
δmn − 1
ηH,E
[
1√
gg33
]
mn
)
k1n
kb
− k3m
kb
[
g13
g33
]
mn
k1n
kb
− k1m
kb
[
g31
g33
]
mn
k3n
kb
} (26b)
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S
(e,h)
21mn = exp(ik3m∆z
3) +
ikb∆z
3
2
kb
k3m
exp[i(k3m + k3n)∆z
3/2]
{
ηE,H [
√
g]mn − δmn
+
k3m
kb
(
ηH,E
[
1√
gg33
]
mn
− δmn
)
k3n
kb
+
k1m
kb
(
δmn − 1
ηH,E
[
1√
gg33
]
mn
)
k1n
kb
+
k3m
kb
[
g13
g33
]
mn
k1n
kb
+
k1m
kb
[
g31
g33
]
mn
k3n
kb
} (26c)
S
(e,h)
22mn =
ikb∆z
3
2
kb
k3m
exp[i(k3m + k3n)∆z
3/2]
{
ηE,H [
√
g]mn − δmn
− k3m
kb
(
ηH,E
[
1√
gg33
]
mn
− δmn
)
k3n
kb
+
k1m
kb
(
δmn − 1
ηH,E
[
1√
gg33
]
mn
)
k1n
kb
− k3m
kb
[
g13
g33
]
mn
k1n
kb
+
k1m
kb
[
g31
g33
]
mn
k3n
kb
} (26d)
These equations have a symmetric form relative to a TE/TM polarization change contrary
to the previous example, which is a consequence of the symmetry of the Generalized Metric
sources in Eq. (24). In case of a sinusoidal corrugation the coordinate transformation is defined
as z1,2 = x1,2, and x3 = z
3 + (1 − |z3|/b)a sin(Kx1), where h = 2a is the corrugation depth,
and −b ≤ x3 ≤ b, b ≥ a is a region with curvilinear metric (see Fig. 3 for illustration and [21]
for details). The components of Fourier matrices for sinusoidally corrugated gratings are found
analytically:
[
√
g]mn = δm,n − 1
2
α sign(z3)(δm,n+1 + δm,n−1)[
1√
gg33
]
mn
=
(√
1 + 2χ2 − 1√
2χ
)2k [
δm−n,2k√
1 + 2χ2
− α sign(z3)δm−n,2k+1
√
1 + 2χ2 − 1
2χ2
]
[
g13
g33
]
mn
=
i√
2χ
(√
1 + 2χ2 − 1√
2χ
)2k [
α sign(z3)δm−n,2k − δm−n,2k+1
√
1 + 2χ2 − 1√
1 + 2χ2
] (27)
with α = a/b and χ = (1− |z3|/b)2(αKh)2/2.
The two considered examples demonstrate the possibility to derive S-matrix components
explicitly, though the resulting expressions can be rather bulky. Therefore, we restrict ourselves
here to these two examples for gratings of bulk materials as S-matrix components in other various
cases can be attained with aids of the vast literature on the Fourier methods and general equations
of the previous section. The method has a second order polynomial convergence with regard to
the slice number, and typical convergence plots are quite similar to those presented for the GSM
in [17, 21, 18]. The convergence rate relative to the number of Fourier orders for profiled gratings
and S-matrices written in Cartesian coordinates is polynomial, and for continuously differentiable
profiles with curvilinear coordinate S-matrices is exponential, again, similarly to the GSM [17],
and the GSMCC [21] respectively.
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Figure 3: Illustration of the Curvilinear Coordinate Generalized Source Method idea: Maxwell’s
equations write in a curvilinear coordinate system (z1, z2, z3) such that one of its coordinate
planes exactly fits corrugation profile, and these coordinates continuously become Cartesian
(x1, x2, x3) in the region in the vicinity of the grating. Dashed lines demonstrate coordinate
planes z3 = const.
4.3 Corrugated 2D material
We proceed by modifying the results of the previous subsection and consider a layer of 2D
material, e.g., graphene, on top of a corrugated substrate. Here we focus on 1D holographic
gratings, whose profiles can be well approximated by sinusoidal functions introduced above.
Electric currents in such materials depend only on tangential electric field components. There-
fore, within the rationale of a curvilinear coordinate transformation, the relation between the
current and the field via surface conductivity σs writes as follows
Jα = σsδ(z
3)
√
g
gαα
(E · eα) = σs
√
g
gαα
δ(z3)Eα, α = 1, 2, (28)
where upper and lower indices distinguish contravariant and covariant vector components, and
eα = (∂xβ/∂z
α)eˆβ are tangent vectors to curvilinear coordinate planes. Here we suppose the
2D material layer to coinside with surface z3 = 0. It is seen that the normalization factor√
g/gαα makes effective conductivity in the curvilinear metric be periodic even when the effect
of corrugation on conductivity is neglected. A possible impact of the periodicity on σs [30] can
be also included in the present method straightforwardly, though we do not account for it in the
following examples.
Substitution of sources given by Eq. (28) into Eq. (12) yields relations
a˜e±m (±0) = a˜ext,e±m (±0)−
ωµb
2km3
eˆe±m · Jm(0)
a˜h±m (±0) = a˜ext,h±m (±0)−
ωµb
2km3
eˆh±m · Jm(0)
(29)
There are two differences between the latter equations and Eqs. (13): due to presence of delta-
function in Eq. (28) Eqs. (29) are exact, and terms proportional to layer thickness ∆z3 with
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curvilinear sources of Eq. (24) are absent. The external field is continuous across the z3 = 0 plane,
so a˜ext,±m (+0) = a˜
ext,±
m (−0) for both polarizations. The electric current at layer location Jm(0)
depends on the continuous tangential electric field. In case of a 1D corrugation along x1 direction
and collinear diffraction with km2 = 0 this tangential field reads E˜m2(0) = a˜
e+
m (±0) + a˜e−m (±0)
for the TE polarization, and E˜m1(0) = (k3m/kb)
[
a˜h−m (±0)− a˜h+m (±0)
]
for the TM polarization.
Note that in this case the field which contributes to the source cannot be substituted by the
external field as was the case in Eq. (18) derivation, and a self-consistent equation system should
be solved. This yields the following S-matrix relations for the two polarizations:(
a˜e−m (−0)
a˜e+m (+0)
)
=
1
1 + ζem
( −ζem 1
1 −ζem
)(
a˜e+m (−0)
a˜e−m (+0)
)
(30)
(
a˜h−m (−0)
a˜h+m (+0)
)
=
[
δmn + (
√
g/g11)mnζ
h
n
]−1
×
(
(
√
g/g11)mnζ
h
n δmn
δmn (
√
g/g11)mnζ
h
n
)(
a˜h+n (−0)
a˜h−n (+0)
)
,
(31)
where ζem = σsωµb/2km3, ζ
h
m = σskm3/2ωεb. Inversion implies that the corresponding matrix
should be composed of the truncated Fourier matrix {√g/g11}Nm,n=1 and then numerically in-
verted. Eq. (30) consists of known plane wave reflection and transmission coefficients for the TE
polarization [31]. Similarly Eq. (31) for the TM polarization would reduce to such coefficients in
the absence of the corrugation, when
√
g = g11 = 1. It is important to note that Eqs. (30), (31)
should be applied together with the results of the previous subsection.
5 Resonant reflection by corrugated graphene
The derived S-matrices for 1D holographic gratings, Eqs. (26), and a corrugated 2D material
layer, Eq. (30),(31) can be used to simulate the optical response of graphene sheets covering
periodically structured substrates of arbitrary corrugation depth. The present method is superior
to approaches used in [8, 9] since it doest not rely on the Rayleigh hypothesis, and consequently
does hot suffer from corresponding convergence issues inherent to Rayleigh methods.
Consider a graphene monolayer on top of a corrugated Si substrate at room temperature.
Silicon permittivity around 10 THz can be taken to be constant being approximately equal to
11.5. Graphene dispersion at room temperature [32] is described by equation
σ(ω)
σ0
=
8i
pi
T
ω + iτ−1
log
[
2 cosh
(
EF
2T
)]
+H
(ω
2
)
+
4iω
pi
∞∫
0
d
H()−H(ω/2)
ω2 − 42 , (32)
where σ0 = e
2/4~, and H() = sinh(/T )/ [cosh(EF/T ) + cosh(/T )]. Here, the Fermi-energy
depends on the applied gate voltage, and can be tuned in a wide range. Relaxation rate τ−1
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depends both on the quality of graphene (which in turn depends on the fabrication process), the
quality of the substrate and presence of a BN interlayer, so that τ can vary by more than an
order of magnitude 4 · 10−14 s . τ . 10−12 s (e.g., see experimental results in [33, 34, 35]). For
further examples we assume τ = 10−13 s, and EF = 0.4 eV.
Graphene sheets are known to support highly confined surface plasmon-polaritons in the
terahertz band. Condition
f(ω, k1) =
σ(ω)
ω
+
ε1(ω)√
ω2ε1(ω)µ0 − k21
+
ε2(ω)√
ω2ε2(ω)µ0 − k21
= 0 (33)
defines the dispersion of the TM surface plasmons in graphene [8]. Here ε1,2 are permittivities of
the homogeneous media below and above the 2D sheet, and k1 is the projection of the wavevector
on the sheet plane. The condition k1  <(ω2εµ0) provides a good analytical approximation in
case of low absorbing substrates. In case of a periodically corrugated sheet a surface plasmon
wave should be coupled with an evanescent grating order to attain a resonance condition [36].
Large values of k1 require the use of small-period gratings. Fig. 4 demonstrates reflection
resonance for a sinusoidally corrugated silica substrate with a graphene sheet on top of it with
grating period Λ = 0.8 µm and varying corrugation depth. Normal incidence is chosen. A
single feasible resonance peak for small ratios h/Λ corresponds to the excitation of the surface
plasmon-polariton by the first grating order. When the corrugation depth-to-period ratio in-
creases this peak redshifts (similar behaviour can be seen in Fig. 5 of [9]). The reason is the
decrease of the local curvature radius which affects the surface plasmon dispersion, as Eq. (33) is
no more rigorous for corrugated layers. Interestingly, this is opposite to the blueshift of surface
plasmon-polaritons supported by curved metal-dielectric interfaces [37]. In addition to the red-
shift secondary resonant peaks become significant. These peaks are due to plasmon coupling with
higher grating orders. Further increase of the depth-to-period ratio results in the disappearance
of significant resonances within the investigated frequency band.
In experiments silicon substrates are always covered by a layer of silicon dioxide whose thick-
ness can vary from few to hundreds of nanometers. SiO2 is generally a bad material for the
terahertz band due to high resonant absorption (see measurements of amorphous silica permit-
tivity in [38]). The dispersion obtained in [38] can be used to estimate the influence of silica
layers on the resonant curves demonstrated in Fig. 4. Fig. 5 shows such influence for a grating
with h/Λ = 0.2 and different thickness hSiO2 of the silica interlayer. Few nanometer thick layers
slighly blueshift the resonance peak, whereas for a hSiO2 ∼ 100 nm resonant absorption in silica
itself around 14 THz prominently affects the reflection curve.
6 Conclusion
To sum up we derived a general form of S-matrix in the Fourier basis Eq. (18) from the volume
integral solution of Maxwell’s equations. The provided examples demonstrate the possibility
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Figure 4: Dependence of zero order reflection efficiency from the frequency for the normally inci-
dent plane wave for corrugated graphene sheet placed on top of silicon substrate with corrugation
period 0.8µm and varying corrugation depth.
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Figure 5: Similar to Fig. 4, but the graphene sheet is supposed to be in contact with an inter-
mediate layer silica layer of varying thickness hSiO2 .
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to attain explicit analytical S-matrix components, as shown for 1D lamellar and sinusoidally
corrugated gratings of bulk materials. S-matrices for other types of gratings including complex
2D periodic diffractive optical elements and metasurfaces can be further derived in a similar
manner on the basis of all previous results for the Fourier Modal Method, and other Fourier
space methods (e.g., [22, 23, 24, 25]), and there is no need for solving the eigenvalue problem in
each slice [39]. Moreover, the derived analytical S-matrix components can be directly used for
resonant analysis of grating structures proposed in [40]. The obtained S-matrix components have
second order accuracy relative to spatial discretization of the grating layer, which is similar to
other Fourier space methods [41]. In addition we expressed the S-matrix of a corrugated layer of
2D material with a given conductivity, which can be useful for further research of optical response
functions of metasurfaces covered with such materials and multilayer quasi-2D structures.
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Appendix
This Appendix provides a sketch of the derivation of Eqs. (6), (7). Due to the linearity of
excitations Helmholtz Eqs. (3) can be considered separately either for the electric or magnetic
sources. Suppose M = 0, and make a passage to scalar and vector potentials ϕ and A:
E = −∇ϕ+ iωA, H = (1/µb)∇×A. (34)
Under Lorentz gauge condition ωεbµbϕ+ i∇A = 0 Maxwell’s equations reduce to the Helmholtz
equation on the vector potential
∆A + k2bA = −µbJ,
whose solution writes via scalar Green’s function g0
A = µb
∫
g0(r − r′)J(r′)d3r′ = µb
∫
exp(ikb|r − r′|)
4pi|r − r′| J(r
′)d3r′. (35)
Combining Eqs. (34), (35), the gauge condition, and comparing with Eqs. (4) one can relate
tensor Green’s functions with the scalar one:
Geαβ(r − r′) =
(
δαβ +
1
k2b
∂α∂β
)
g0(r − r′)
Gmαβ(r − r′) =
1
kb
ξαγβ∂γg0(r − r′)
(36)
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Here differentiation is performed relative to vector r.
Two-dimensional Fourier transform of the scalar Green’s functions writes explicitly (see, e.g.,
3.876.1, 2 and 6.667.3, 4 in [42], or Appendix in [14]):
∞∫∫
−∞
d2ρ′ exp(−iκρ′)exp(ikb|r − r
′|)
|r − r′| =
2pii
k3
exp(−iκρ) exp (ik3|x3 − x′3|) ,
where κ = (k1, k2)
T , ρ = (x1, x2)
T , and k23 = k
2
b − κ2, <k3 + =k3 > 0. Substitution of the
latter equation into Eq. (35), and making the differentiation in Eq. (36) yield Eqs. (6) and (7).
To arrive at final relations one also needs the decomposition of the 3× 3 unit matrix
I =
1
k2b
k±(k±)T + eˆe±(eˆe±)T + eˆh±(eˆh±)T
together with transformation relations k± × eˆe± = −kbeˆh±, k± × eˆh± = kbeˆe±.
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